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BITCOIN’S WEAKNESS: THROUGHPUT
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- Original vision: payment system 

- 5-7 TX’s per second 

- Visa: thousands per second 

- Visa’s trick: don’t settle immediately;  

- Secure payment immediately 

- Settle in batches



THE DEVIL IS IN THE DEFAULTS
- Bitcoin transactions are both expensive and slow 

- The Lightning Network is built on top of Bitcoin 
to solve this problems (Layer 2) 

- Decisions made now will be difficult to change 

- We need to understand it well, and we need to 
do this soon
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- Pooh and Dryja (2016) 

- Each party commits an on-chain collateral (balance)  

- Payment = balance update, off chain  

- Alice and Bob can open a lightning channel, committing 4 and 6 Bitcoins, respectively 

LIGHTNING NETWORK - CHANNELS

Alice Bob

4 6- When Alice wants to pay Bob 1 bitcoin, they change the balances

Alice Bob

3 7
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- No limit on the number of updates 

- Update by the exchange of signed messages 

- At any point Alice can close the channel; balances settle on chain 

- Quicker if Bob cooperates 

- Can be done without Bob’s cooperation 

- Bob can penalize Alice if she cheats 

- Settle on chain when a party exhausts his balance

LIGHTNING NETWORK - CHANNELS

Alice Bob

4 6

Alice Bob

3 7
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- On-chain transactions at the beginning and the end, 

- Then start over 

- A cryptographically secured escrow account  

- No need for a trusted third party 

- A cryptographically secured DYNAMIC escrow account  

- Renders past balances/commitments useless

WHERE DOES THE MAGIC COME FROM?
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- If there is a channel between Alice and Bob, & another channel between Bob and 
Charlie, => Alice can transfer to Charlie through Bob (with Bob’s cooperation

LIGHTNING - LINKS

Alice Bob

4 5

Alice Bob

3 6

Bob Charlie

5 6

Bob Charlie

4 7
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- The Lightning Network (LN) consists of the channels and the links. 

- Longer chains feasible (Alice Bob Charlie Danna Evan…) → → → →



- Cost/benefit analysis of channel opening 

- Understanding channel economics  

- Future Work: From channel economics to LN economics and structure

MAIN QUESTIONS
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- Total cost over the open-ended horizon = 

- Cost of locking up funds that guarantee performance 

- Foregone interest on locked up funds 

- Plus 

- Cost of on-chain TXs. 

- Lock up more funds => Transact on-chain less often 

- THIS PAPER: Choose levels of locked funds to minimize the sum of the costs

OVER THE OPEN-ENDED HORIZON, 
TWO COST TYPES , TOTAL COST MINIMIZATION

9/29



- Baumol (1952) Tobin (1956) - Transactions demand for money by households 

- Deterministic model 

- Tradeoff: money in bank (earns interest) vs liquid money, available to spend (costly 
bank visit less frequent) 

- Miller Orr (1966) model of firm’s cash management 

- Stochastic in- & out-flows of cash. 

- Cash earns no interest, money in the bank earns interest 

- Fixed cost for each bank deposit and withdrawal 

- Tradeoff: money in bank (earns interest) vs liquid money, available to spend (costly 
bank visit less frequent)

THE CLASSICS
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- Node 1 sends node 2 a single Bitcoin with a Poisson arrival time with rate  

- Node 2 sends node 1 a single Bitcoin with a Poisson arrival time with rate  

- The processes are independent 

- Node 1 commits  and node 2 commits  to the channel 

- When a channel is depleted, it’s closed and an identical one is immediately opened 

-  - cost of the channel

λ1

λ2

l1 l2

Ll1,l2(λ1, λ2)

CHANNEL MODEL

λ2λ1

l1 l2
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Closing and reopening channels 
- Happens on chain 

- Denote the cost by  (price of a single transaction on Bitcoin ) 
Opportunity loss 

- Money locked in channel cannot be used elsewhere 

- Let  be the opportunity cost per unit time (interest rate) 

- Locking  in the channel forgoes  in interest  
Tradeoff 

- Higher deposit => higher opportunity cost of interest earning 

- Higher deposit => less frequent on chain TXs which are costly

B B/2

r
l1 + l2 (l1 + l2)rdt

CHANNEL COST
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Closing and reopening channels 
- Happens on chain 

- Denote the cost by  (price of a single transaction on Bitcoin ) 
Opportunity loss 

- Money locked in channel cannot be used elsewhere 

- Let  be opportunity cost per unit time (interest rate) 

- Locking  in the channel forgoes  in interest  
Traffic speed 

- Rates 

B B/2

r
l1 + l2 (l1 + l2)rdt

λ1, λ2

EXOGENOUS PARAMETERS
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- We can always transact on-chain 

Lemma: On-chain settlement for transaction stream with rate  costs  λ
λB
2r

SHOULD WE OPEN A CHANNEL?
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Theorem (closed-form solutions; unlocking subsequent analysis) 
1. The cost of a unidirectional channel 

 

2. The cost of a bidirectional channel 

 

Ll1,0(λ1,0) = l1 + B (( r + λ1

λ1 )
l1

− 1)
−1

Ll1,l2(λ1, λ2) = l1 + l2 − B
αl1−(1 − α l1+l2

+ ) − α l1
+(1 − αl1+l2− )

αl1−(1 − αl1+l2
+ ) − αl1

+(1 − αl1+l2− ) + αl1+l2
+ − αl1+l2−

where α± =
λ2 + λ1 + r ± (λ2 − λ1)2 + r2 + 2r(λ2 + λ1)

2λ2

COST OF A LIGHTNING CHANNEL
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Theorem 
1. If a unidirectional channel with rate  costs less than on-chain 
transactions then  

2. If a bidirectional channel with rates  costs less than on-chain 
transactions then  

- Necessary condition 

- Unidirectional - a slow trickle should stay on chain 

- Bidirectional trickle - geometric average should be higher than threshold

λ
λ >

r
2B

λ1, λ2
λ1λ2 >

r
B

NO LIGHTNING FOR TURTLES
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Theorem For  near zero 

1. The minimal cost of a unidirectional channel with rate  is 

 

 

2. The minimal cost of a symmetric bidirectional with both rates  is 

 

r

λ

Lopt(λ,0) = 2 ( Bλ
r )

1/2

−
B
2

+ O(r1/2)

and is achieved for the channel size l = ( Bλ
r )

1/2

+ O(r1/2)

λ

Lopt(λ, λ) = 3 ( 2Bλ
r )

1/3

−
B
6

+ O(r1/3)

and is achieved for the channel size l1 = l2 = ( 2Bλ
r )

1/3

+ O(r1/3)

OPTIMAL CHANNEL SIZE
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OPTIMAL CHANNEL SIZE
Theorem For  near zero 

The cost of a general channel is bounded by 

 

- Instead of a bidirectional channel, we can always open a 
symmetric channel with capacity  and send the extra 
transactions through a one-directional channel of size 

 

- We are free to switch the roles of  and 

r

Lopt(λ1, λ2) ≤ 3 ( 2Bλ1

r )
1/3

+ 2 ( B |λ2 − λ1 |
r )

1/2

−
2B
3

+ O(r1/2)

λ1

|λ2 − λ1 |
λ1 λ2

λ1 λ2

λ1 λ1

λ2 − λ10
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Theorem 
A channel where transactions of mean size  arrive at rate  to a first approximation is 
equivalent to another channel, where all transactions are of unit size, but the arrival 
rate is  

- All of the previous results hold in a setting where the transactions size is random 
Theorem (simplified) 
In a uni-directional channel with sizes  and rates  the ratio between on-chain 
and channel transactions is  

In a symmetric bi-directional channel with sizes  and rates  the ratio between 
on-chain and channel transactions is  

- The general case is also known

ν λ

λν

l1,0 λ1,0
l1

l1, l2 λ, λ
l1l2

SINGLE CHANNEL - FURTHER RESULTS
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- Model channel costs 

- Analyze tradeoff, fund-locking vs. on-chain posting costs. 

- Highlight advantage of opposite direction traffic on a single channel  

SINGLE CHANNEL - SUMMARY
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LIGHTNING NETWORK: RESULTS PREVIEW
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Theorem 
A 3-immutable graph doesn’t have a directed path of length 2 with large weights

DON’T PAY A PAYER

- As bidirectional channels are cheaper, there is a strong incentive to pay the final payee 

- The graph spanned by unidirectional channels is close to a union of bidirectional graphs 

- There are strong limits on the possible unidirectional graphs

λ1 λ2

λ1
λ2 λ1
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- The decentralised nature of the system does not allow planning “from above”. 

- A small number of users can decide on a change that benefits all of them. 

- In our work, we consider two possible changes.

CHANGES TO THE LIGHTNING NETWORK

Mutation Hermitization
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Theorem 
For any LN the following holds: 
1. Any 3-immutable graph does not have a  with all of the edges bidirectional. 

2. Any 4-immutable graph does not have a  with all of the edges bidirectional.

C3

C4

DON’T MAKE SHORT CYCLES

λ1,2

λ2,1

λ1,3 λ3,1

λ2,3

λ3,2 λ1,2 + λ1,3

λ2,1 + λ3,1 λ2,3 + λ1,3

λ3,2 + λ3,1
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Cost of a single channel 
- Basic steps to understand the LN 

- Is Bitcoin “the gold standard” for the LN? 
Limits on subgraphs in the LN 
- Good reasons to believe that standard simulation will not be relevant in the future 

- Deeper understanding of structural implications 
Low average degree 
- Currently, there is no incentive toward expander-like structure 

- Doesn’t have to be this way

DISCUSSION
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Asymmetric channels 
- Optimal asymmetric channels 

- Better bounds 
Game theory 

- Alternative objectives 

- Steering towards better equilibrium  
Fees 

- Fees in equilibrium 

- Effect on the Network

OPEN PROBLEMS
Questions? 
Comments? 
Answers?

26/29


